partial differential equation. It is the intend of this paper to emphasize why it was necessary, in Kamke's theorem, to specify that the finite limit points of the region g lie in G.
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Introduction:
The linear and first order partial differential equation 
was studied and proved by Kamke [KA] in his article in the Annalen of 1928. We shall re-consider, re-write, and refine his analysis in more precise method.
A review of Kamke's proof.
In this section we shall review Kamke's proof [KA] once more in more detail.
Kamke's Proof:
The author has proved the following:
Theorem: If f(x,y) and f y (x,y) are defined and are continuous in an open region G, and if g is an open, simply connected region lying entirely in * G in which f(x,y) is bounded;
then there exists a function ) , ( For this paper, it is necessary to review Kamke's method of proof in detail. The below mentioned paragraph follows a condensed quotation of parts of the article:
Topological Part of the Proof:
1. Here we use specifically only that through each point of g there passes exactly one characteristic of (1), that these characteristics depend continuously on the initial point, and that in both directions of the x-axis they either have unbounded ordinates or approach arbitrarily close to the boundary of g.
2.
Denote by s a bounded vertical open segment in g, and by o(s) the set of points in g, which belong to characteristics of (1) lying in g and passing through s.
Each o(s)
is an open region (in fact simply connected, even if g were not simply connected).
3. If P and Q are two points of o(s) on a vertical segment, and if the whole segment PQ is in g, then PQ is contained in o(s). 
γ ) each o n has at least one point in common with g n-1 .
5. Each of the regions g n = o 1 + o 2 + --------+o n is an open region.
6. If P and Q are on a vertical segment and are both in g n , and if PQ is contained in g, then PQ is contained in g n .
7. For the construction of ) , ( y x Ψ it is expedient to alter the set o n somewhat:
there exists a set of regions q 1 , q 2 , …… with the properties:
α ) each q n ≡q(t n ) is the set of points in g which lie on characteristics of (1) lying in g and passing through an open finite vertical segment t n in g; β ) each h n ≡ q 1 + q 2 + ---------+q n is an open region;
δ ) the common points of t n and h n-1 form exactly one open segment, and t n projects out of h n-1 in exactly one direction.
Conclusion of the Proof:
1. Denote by υ x the abscissa of υ t , and by y = ( )
the characteristics of (1) passing through the point ( )
x possesses for h 1 rather than g (and with η ξ , instead of x, y) the properties a), b), c, and d) of Kamke's theorem.
2. To prove the existence of such a function ( )
for the whole region g, assume it has already been constructed for h n-1 , and that for each υ < n there are two real constants a υ , b υ >0 such that in h υ -h υ -1 ( )
. It must now be shown that there is a real number pair a n , b n > 0 such that the function defined by ( ) 
which is defined for x in a certain neighborhood of μ x .
4. But the curve (4) is defined at least for and has there continuous partial derivatives with respect to ξ and η .
Since the curve (4) is in o(s), these partial derivatives exist in particular in the points of the curve (4). Therefore we can define:
is thus well defined in h n , and in
has the same value for all points ( ) ,η ξ of the same characteristic of (1). The proof of the theorem will be complete when it is shown the
is of class C' and satisfies (1) in h n instead of g.
These points are obtained from curve (4). Use the functions
Each is defined in a region which contains the points of the curve (4) in question, and each possesses in its region of definition continuous partial derivatives with respect to ξ and η . In the points of the curve (4) in question the functions (8) and (9) 
hence without further hypotheses on f(x,y) and on g we cannot assert the existence and continuity of the limits of the partial derivatives ( )
along the curve (4). T. Wazewski [WA] has constructed an example, based on these considerations, to show that without the enclosing region G the hypotheses of Kamke's theorem are not sufficient to insure the existence of a solution (1) having the properties described.
The required infinite sequence of region.
The infinite sequence of the region q( n t ) is needed in Kamke's method of proof.
We see at once that if the region g is unbounded there may be need for an infinite number of regions q( n t ), since each of the open segment n t is finite. Even if g is bounded a finite number of regions q( n t ) may not be sufficient for Kamke's method of proof. This is shown by the following example: Assume that g is bounded, and that C is a characteristic of (1) which has only two points in common with the boundary of g.
C divides g into two sub-regions, one of which is above C and the other below C.
Consider the open, simply connected region g' enclosed by a simple closed curve which, above C, coincides with the boundary of g but, below C, lies in the lower subregion of g and has an infinite number of loops, each of which is tangent to C.
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Clearly, using Kamke's method with an infinite sequence of regions q( n t ), we can define a solution of (1) having the properties describes in Kamke's Theorem, clear to the boundary of g'. But we cannot, using his method, define such a solution of (1) in g' by means only a finite number of regions q( n t ). The segments of characteristics of (1) lying in the sub-regions of g' bounded by C and the part of the boundary of g' below C cannot be transverse by less than an infinite number of vertical segments n t .
It has been shown that even if the region g is bounded, a finite number of region o(s) is not sufficient to insure the generality of Kamke's method of proof. However, if the region g is bounded and a different kind of region o(s) is used, it can be shown that a finite number of such regions are sufficient to construct a solution of (1) having the properties described in Kamke's Theorem. Let us assume the hypotheses of Kamke's Theorem, and assume that the region g is bounded. There exists a bounded open simply connected region R such that g lies entirely in R and R lies entirely in G.
Denote by s a bounded vertical segment in R, and by o(s) the set of points in R, which belong to characteristics of (1) is an open region. By splitting of some of the regions, with the consequent finite increase in the number of regions, it can be brought about that the regions g n and the segments s n are such that the common points of s n and g n-1
form exactly one open segment, and that s n projects out of g n-1 in exactly one direction.
Hence we may state For a ≤ x ≤ b, define F(x) to be the ordinate of the point on the above-described curve whose abscissa is x. For α < x < b, b < x < β, define F(x) ≡ f(x). The function F(x) thus defined in α < x < β possesses the properties a), b), and c) as described in the conclusion of Lemma 2.
Proof to Kamke's Theorem by Induction
The theorem of Kamke quoted in paragraph 1 can be proved using the sequence of open regions q(t n ) but a different method of fitting.
Assume that a function ( ) η ξ ,
Ψ
as described in the theorem has already been constructed for h n-1 , and that for υ < n it is in each q(t υ ) a function of
, where ) ( y w υ is of class C' on υ t , and ) ( ' y w υ has definite finite positive limits at the endpoints of υ t .
We shall use paragraphs 3.3 and 3.4 of Kamke's article that is summarized on pages 3 through 7 of this paper. Consider the function
This function is of class C' in q(t n ), and also a)
b) in that part of q(t n ) which is contained in h n-1 ,
is a solution of (1) in q(t n ).
Thus function
possesses in h n instead of g (and with ( ) η ξ , instead of (x,y)) the properties described in the conclusion of Kamke's Theorem, and the induction is complete.
Upper and Lower Bound of a function as described in Kamke's Theorem
We have seen that if the upper end of t n projects out of h n-1 , so that W n lies above V n (see Figure 1) , and if M n is any real number such that M n > n w (V n ),
we can define the function n w (y) on the whole of t n so that
Similarly, if the lower end of t n projects out of h n-1 , so that W n lies below V n , and if P n is any real number such that Pn < n w (V n ), we can define the function ) ( y w n on the whole of t n so that
It is clear that we can choose the numbers M h and P k so that these conditions are satisfied and so that
for every M h , and
where M and P are finite real numbers. If this is done, then in g
Further, if a> 0 and b are arbitrary real numbers and if ( )
is a solution of
(1) having the properties described in Kamke's Theorem, then
is also a solution of (1) Further, since f (x, y) has a definite finite continuous limit on the boundary of g and since the characteristics (17) satisfy (2), the curve (18) is itself a solution curve of (2), that is to say, a characteristic of (1).
It will be shown that ), , , ( We are now in a position to complete the introduction exactly as in Paragraph 2.2.
Since also 2.3 can be applied to the present case, we may state From this theorem it is clear that if in Theorem 1 the condition that f(x,y) and f y (x,y) posses definite finite continuous limits on the boundary of g is omitted, the remaining 
is defined in g, is of class C' with respect to x and y in g, and also ( ) 
Equation (23) 
